Here we follow the mainstream of thinking about physical equivalence of different representations of a theory, regarded as the consequence of invariance of the laws of physics -represented by an action principle and the derived motion equations -under given transformations; be it coordinate, gauge or conformal transformations. Accordingly the conformal transformations' issue is discussed by invoking the assumed invariance of the laws of physics -in particular the laws of gravity -under conformal transformations of the metric. It is shown that Brans-Dicke and scalar-tensor theories are not well-suited to address physical equivalence of the conformal frames since the corresponding laws of gravity are not invariant under the conformal transformations or Weyl rescalings. The search for conformal symmetry leads us to explore the physical consequences of Weyl-invariant theories of gravity, that represent a natural arena where to discuss on physical equivalence of the conformally related representations. We show that conformal invariance of the action of a (supposedly conformal invariant) theory and of the derived motion equations is not enough to ensure actual Weyl invariance. It is required, also, that the underlying geometrical structure of the background spacetime be, at least, Weyl-integrable. Otherwise, if assume (as usual) spacetimes of (pseudo)Riemannian geometrical structure, the resulting -apparently conformal invariant -theory is anomalous in that, only massless matter fields can be consistently coupled. Gauge freedom, a distinctive feature of actually Weyl-invariant theories of gravity, leads to very unusual consequences. In a conformal invariant gravity theory over Weyl-integrable spaces, when working within the cosmological setting, an interesting question would not be, for instance, whether the expansion of the universe is accelerating or not, but, which one of the infinitely many physically equivalent conformal universes is the one we live in. It happens, also, that static spherically symmetric black holes are physically equivalent to singularity-free spherically symmetric wormholes. Such apparently senseless consequences in standard scalar-tensor theories, are perfectly allowed in anomaly-free conformal invariant theories of gravity.
I. INTRODUCTION
The so called conformal frames' issue is, perhaps, one of the oldest unsolved problems within the framework of the scalar-tensor theories of gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] . The problem may be stated in the following way: Under conformal transformations of the metric the given scalar-tensor theory (STT) may be formulated in a -in principle infiniteset of mathematically equivalent field variables, called as conformal frames. Among these the Jordan frame (JF) and the Einstein's frame (EF) are the most outstanding. The following related questions are the core of the "conformal transformation's issue".
1. Are the different conformal frames not only mathematically equivalent but, also, physically equivalent?
2. If the answer to the former question were negative, then: which one of the conformal frames is the physical one, i. e., the one in terms of whose field a Electronic address: iquiros@fisica.ugto.mx b Electronic address: robertodearcia@gmail.com variables to interpret the physical consequences of the theory?
The controversy originates from the lack of consensus among different researchers -also among the different points of view of the same researcher along his(her) research history -regarding their answer to the above questions. There are even very clever classifications of the different works -of different authors and of the same author -on this issue [3] . That the controversy has not been resolved yet is clear from the amount of yearly work on the issue where there is no agreement on the correct answer to these questions [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In this paper we shall discuss on the conformal frames' issue from the classical point of view exclusively.
1 For a 1 Our understanding of what a STT entails and why it is different from GR with a scalar field as a matter source of the Einstein's equations, may be correct only if ignore the quantum effects of matter. When these effects are considered, even if we start with GR with a scalar field among the matter degrees of freedom, the quantum interactions of matter may induce a non-minimal coupling of the scalar field with the curvature [22] , so that we end up with a STT. We have included a brief account of the demonstration given in Ref. [22] , in the Appendix B.
related discussion based on quantum arguments we recommend Refs. [15] [16] [17] [18] [19] [20] and references therein. A conformal transformation of the metric:
where Ω 2 = Ω 2 (x) is the (non-vanishing) conformal factor, is a point-dependent rescaling of the metric that, besides angles, preserves the causal structure of the spacetime. Here we underline that the above conformal transformation of the metric is not to be confounded with conformal transformations implying simultaneous coordinate rescalings, which are properly diffeomorphisms. In other words, we consider conformal transformations of the metric that leave the spacetime coordinates untransformed.
While the JF and EF representations of the BD theory -as well as any other two conformally related framesare in a relationship of mathematical equivalence through (1) , their physical equivalence may be, at least, questionable. First of all we must agree on what to regard as "physical equivalence" of the different conformal frames since, otherwise, the discussion is meaningless. The following related arguments are found in the bibliography. In Ref. [1] , for instance, the physical equivalence of JF and EF formulations of BD theory is assumed by allowing the units of time, length, mass and the derived quantities to scale with appropriate powers of the conformal factor Ω (see, also, Ref. [5] ). According to the argument given in these references, physics must be invariant under the choice of the units, i. e., under the rescaling of the units of length, time and mass. The logic consequence is that, since physics is invariant under a change of units, it is invariant under a conformal transformation, provided that the units of length, time, and mass are scaled [5] . In this regard such concepts like "EF with running units" is encountered. The main idea behind this latter concept is that, what really matters when measurements are concerned, is the ratio of the quantity being measured, for instance the mass m p of a given particle of the standard model of particles (SMP), to the unit of measurement (say, the energy m A of some emission line of some atom): m p /m A , and since the ratio is a dimensionless quantity, it is not transformed by the conformal transformations of the metric (1) , so that the measured value is the same in the JF and in the EF (or in any of the conformally related frames). No matter how "natural" such kind of argument could seem, the fact is that conformal transformations of the metric are about point-dependent rescalings of the metric tensor with the spacetime coincidences, i. e., the coordinates, held fixed. In other words, the conformal transformations do not affect the measurements. Hence the above argument is a redundancy.
It is even more confusing to understand how, according to the above reasoning line, the conformal transformation between the JF and the EF of the BD theory can be reconciled with the assumed conformal invariance of the physical laws. Recall that the gravitational laws in the JF and in the EF of BD theory are expressed through the action principle and the derived motion equations (see section II below). The problem is that, since BD theory is not invariant under the conformal transformations, the action and the derived motion equations are different in the different conformal frames. This means that Brans-Dicke theory (the same is true for any other STT) does not embody the assumed conformal invariance of the physical laws.
In this regard, one should not be confused by the argument frequently found in the bibliography that the gravitational part of the BD action:
where we have rescaled the BD field, ϕ → ln φ, and the subindex "BD" in the coupling constant ω, has been omitted, is invariant under a conformal transformation of the metric (1), plus a transformation of the coupling constant, ω → ω − 2∂ ϕ ln Ω (1 − ∂ ϕ ln Ω) (2ω + 3).
One should notice first that, actually, the BD action above is form-invariant under the aforementioned transformations. However, these imply that in general a constant value of the coupling constant in the Jordan frame is transformed into a function of ϕ in the conformal frame, although there are cases when, ∂ ϕ ln Ω = α, is a constant, where one constant value of the coupling constant is mapped into a different constant value in the conformal frame. This, in turn, has implications for the measured value of the gravitational constant (the scalar field is determined by appropriate cosmological boundary conditions given far from the system of interest), 8πG eff = 1 φ 4 + 2ω 3 + 2ω , so that one has actually two different theories: BD theory with different values -even different behaviors -of the measured gravitational coupling G eff .
A. Physical equivalence according to the mainstream of thinking
When one thinks about physical equivalence one of the first examples that comes to one's mind is the theory of general relativity. The physical equivalence of the different coordinate frames in which the GR laws -expressed through the action principle and the derived equations of motion -can be formulated, is sustained by the invariance of these laws under general coordinate transformations. This leads naturally to the existence of a set of measurable quantities: the invariants of the geometry such as the line element, the curvature scalar and other quantities that are not transformed by the general coordinate transformations. Another example can be the gauge theories, where the gauge symmetry warrants that the theory can be formulated in a set of infinitely many physically equivalent gauges. In this case the quantities that have the physical meaning, i. e., those that are connected with measurable quantities, are gauge-invariant. As before, the guiding principle that supports the physical equivalence of the different gauges is the underlying symmetry. Take as a very simple example the electromagnetic gauge theory of a Fermion field ψ(x), that is given by the following Lagrangian:
where the gauge derivative D ≡ γ µ (∂ µ − igA µ ) (γ µ are the Dirac gamma-matrices while A µ are the electromagnetic potentials) and F µν ≡ ∂ ν A µ − ∂ µ A ν . The above Lagrangian is invariant under the following gauge transformations:
Quantities that are invariant under the above transformations, such as, for instance those ∝ψψ, or ∝ F µν F µν , and the related quantities, are the ones that have the physical meaning. The above procedure can be straightforwardly generalized to a collection of Fermion fields and of gauge fields in the electroweak (EW) theory, for instance.
By analogy, one may expect that physical equivalence of the conformal frames should be linked with conformal invariance of the laws of physics, in particular, of the gravitational laws [1, 5] . Actually, following the spirit of the above examples: coordinate invariance of the laws of gravity in GR and gauge invariance of the laws of electromagnetism, one should require the action and the field equations of the theory -representing the physical laws -to be invariant under (1) . Then one may search for quantities that are not transformed by the conformal transformations of the metric, and regard them as the measurable quantities of the theory. This is the natural way in which one may think about invariance of the physical laws under conformal transformations and this is, precisely, the main thesis of the present work: Conformal invariance of the physical laws -expressed through the action principle and the derived motion equationsis the necessary requirement for physical equivalence of the different conformal frames in which a given STT may be formulated. This leads us to the investigation of local scale invariance or Weyl-invariance within the framework of the gravitational theories.
Local scale invariance is one of the symmetries that has played an important role in the building of the unified interactions. It is required for the renormalization procedure to work appropriately at very short distances [23] [24] [25] [26] . In what regards gravitation theories local scale invariance, or Weyl-invariance as it is better known, has been also investigated from different perspectives [55] [56] [57] . In Ref. [58] the first serious attempt to create a scale-invariant theory of gravity (and of electromagnetism) was made. Due to an unobserved broadening of the atomic spectral lines this attempt had a very short history [59] [60] [61] [62] . A scale-invariant extension of general relativity based on Weyl's geometry is explored in Ref. [23] . If the theory contains a Higgs phase then, at large distances this phase reduces to GR. In Ref. [24] it has been shown that gravity may arise as consequence of dynamical symmetry breaking in a scale -also gauge -invariant world. A quantum field theory of EW and gravitational interactions with local scale invariance and local SU (2) × U (1) gauge invariance is proposed in Ref. [25] . The requirement of local scale invariance leads to the existence of Weyl's vector meson which absorbs the Higgs particle remaining in the SMP.
In general any theory of gravity can be made Weylinvariant by introducing a dilaton. In Ref. [30] it is shown how to construct renormalization group equations for such kind of theories, while in Ref. [63] [64] [65] [66] it has been shown that scale invariance is very much related with the effect of asymptotic conformal invariance, where quantum field theory predicts that theory becomes effectively conformal invariant. In Ref. [33] the authors present the most general actions of a single scalar field and two scalar fields coupled to gravity, consistent with second order field equations in four dimensions (4D), possessing local scale invariance. It has been shown that Weyl-invariant dilaton gravity provides a description of black holes without classical spacetime singularities [31] . The singularities appear due to ill-behavior of gauge fixing conditions, one example being the gauge in which the theory is classically equivalent to GR. In Refs. [34] [35] [36] it is shown how to lift a generic non-scale invariant action in Einstein frame into a Weyl-invariant theory and a new general form for Lagrangians consistent with Weyl symmetry is presented. Advantages of such a conformally invariant formulation of particle physics and gravity include the possibility of constructing geodesically complete cosmologies [35] . In this regard see critical comments in Refs. [37] [38] [39] and the reply in Ref. [36] . In Refs. [40] a new class of chaotic inflation models with spontaneously broken conformal invariance has been developed. In this vein a broad class of multi-field inflationary models with spontaneously broken conformal invariance is described in Ref. [41] , while generalized versions of these models where the inflaton has a non-minimal coupling to gravity with ξ < 0, different from its conformal value ξ = −1/6, are investigated in Ref. [42] .
In this paper we avoid semantic issues on what to consider a theory and what a representation of a theory, by following the mainstream of thinking on physical equivalence of different representations of a theory. Hence, physical equivalence is regarded as the inevitable consequence of invariance of the laws of physics -represented by an action principle and the derived motion equations -under given transformations; be it coordinate, gauge or conformal transformations. As we shall show, the choice of the above mainstream of thinking has far-reaching con-sequences not only for the conformal transformations' issue but, also, for the correct understanding of the Weylinvariant laws of gravity.
The plan of the paper is as follows. In section II we discuss on the Jordan and Einstein frames of the BransDicke theory. Subsection II A is dedicated to discuss on the conformal transformations issue on the basis of physical equivalence of the conformal frames, while in subsection II B we briefly discuss on the issue from the point of view of those who assume that the different conformal frames are not physically equivalent. Given that in the present paper we follow the most widespread point of view according to which the necessary requirement for physical equivalence is the invariance of the physical laws under given transformations -in the present case these are the conformal transformations or Weyl rescalingsin section III we explore an example of a theory that is indeed conformal invariant and, hence, is well-suited to discuss about physical equivalence of the conformal frames. An aspect of the conformal frames issue that is usually forgotten is related with the geometrical implications of the transformations. In section IV we discuss on this issue and we show that Weyl-integrable geometry is better suited than Riemann geometry to discuss on the conformal frames issue. Then, in section V we explore several Weyl-invariant theories of gravity that have been intensively studied in the bibliography, and we make emphasis in the anomalous matter coupling in these theories (only radiation can be consistently coupled), and the related anomaly that is associated with their geometrical basis: While the gravitational laws -expressed through the action principle and the derived motion equationsare invariant under the conformal transformations, the geodesics of the metric are indeed transformed into nongeodesic paths. This latter anomaly may be eliminated by considering spacetimes with Weyl-integrable affinity instead of Riemannian spacetimes. This is why in section VI we explore a Weyl-invariant theory of gravity which is associated with Weyl-integrable spacetimes. Further details of this theory, including the coupling of the matter degrees of freedom in a Weyl-invariant way, as well as the consequences of the gauge freedom, are investigated in section VII. It is shown, in particular, how to consistently couple the standard model of particles, in such a way as to preserve the Weyl symmetry of the theory. An issue that requires separate discussion is the one about the transformation properties of the constants of the theory. In the bibliography one founds arguments that point to dimensionless constants as being unchanged by the Weyl rescalings, while dimensionful constants should be necessarily transformed. Although at first sign this might appear as a natural statement, one founds dimensionful constants like the Planck constant , the speed of light c and the electric charge of the electron e, that are assumed to be unchanged by the Weyl rescalings. This issue is discussed in section VIII, where we conclude that any assumption on the transformation properties of the constants of the theory under the Weyl rescalings, can be either an independent postulate of the theory or a meaningless statement otherwise. Cosmological solutions of the Weyl-invariant theory of gravity are explored in section IX, while the singularity issue is investigated in section X, in order to illustrate with concrete examples the implications of gauge freedom, as well as of physical equivalence of the different gauges. The results of this paper are discussed in section XI and conclusions are given in section XII. For completeness of our exposition, an appendix section has been included. In the Appendix A the transformation of the basic geometric quantities and operators under the conformal transformations is exposed, while in the Appendix B a short exposition on the consequences of quantum effects of matter when the gravitational interactions are considered, is given. In this last section we follow, mainly, the work in Ref. [22] .
II. JORDAN FRAME AND EINSTEIN FRAME REPRESENTATIONS OF BD THEORY
Under the conformal transformation of the metric (1), with conformal factor, Ω 2 = φ, together with the rescaling of the BD scalar field: φ → exp ϕ, the Jordan frame BD action:
is transformed into the Einstein frame:
where, under (1): V (φ) → e 2ϕ V (ϕ). If consider the boundary term in (3), then under the conformal transformation (1), it is transformed into its EF counterpart in (4):
where h is the determinant of the metric h µν induced on the boundary and K = h µν K µν is its extrinsic curvature scalar. In the latter transformation law for the boundary term it has been taken into account that terms coming from 6φΩ 2 (ln Ω) in the EF action (4) compensate the terms −6n µ ∂ µ Ω in the EF boundary action (see Appendix A of Ref. [67] ).
Under (1) the stress-energy tensor of matter transforms in the following way:
while the conservation equation that takes place in the JF transforms into non-conservation equation in the EF:
The latter transformation property of the conservation equation is reminiscent of the transformation of the geodesics of the metric under (1). Actually, under the conformal transformation of the metric the JF geodesic equation (the same as in GR):
is transformed into the following EF equation of motion,
It can be shown that under the affine reparametrization: ds → f −1 (Ω)dτ , with f (Ω) = Ω, the first term in the right-hand-side (RHS) of (8) can be eliminated,
However, the second term in the RHS of (8) can not be eliminated by any affine transformation whatsoever [9] . What this means is that in the EFBD there is a universal fifth-force,
that deviates the motion of a given particle from being geodesic. A distinctive feature of this universal fifth-force effect is that it acts only on particles with the mass. For massless particles like the photons, gravitons, etc., that move at the speed of light, g σλ dx σ dx λ = 0, so that f µ fifth = 0, i. e., massless particles move along geodesics of the metric. The same conclusion is evident from the continuity (non-conservation) equation in the right-hand of (6) , where it is apparent that for a fluid of massless particles, since T (m) = 0, then the conservation equation is preserved under the conformal transformation (1) .
Given that under (1) the JFBD action (3) is transformed into the obviously different EFBD action (4), while the stress-energy tensor's conservation equation in the JF is transformed into the non-conservation equation in the EF -see Eq. (6) -is is evident that the BransDicke theory, as well as any-other STT, are not invariant under the conformal transformation and, consequently, the invoked invariance of the laws of physics (the gravitational laws being a particular case) is not built-in in these theories. Hence, if one truly believes in the conformal invariance of the physical laws, regarded as invariance under transformations of the physical units in Dicke's sense [1] , one is inevitably led to consider other theories of gravity that really embody the conformal symmetry. In spite of this, most part of the bibliography on the conformal transformations' issue avoids a serious discussion of this kind of arguments and the different authors prefer to "beat around the bush".
A. The conformal transformations' controversy:
When the conformal frames are regarded as physically equivalent
Above we have demonstrated a very well known fact: While the JFBD theory (3) is a STT of gravity in the sense that the gravitational interactions are carried by the metric field of geometric origin, together with the non-geometric BD scalar field, the EFBD theory (4) is a purely geometric theory of gravity indistinguishable from general relativity but for the presence of an additional non-gravitational universal interaction (fifth-force) between the scalar and the remaining matter fields through the interaction term ∝ e −2ϕ L m in the action. This is seen from comparison of the geodesic equations in the Jordan frame (7) with the corresponding EF motion equations (8) , that can not be reduced to a geodesic by any redefinition whatsoever of the affine parameter. Hence, apparently, JFBD and EFBD are to be regarded as different theories and not as physically equivalent representations of a same theory.
In spite of the apparent clarity of the above argument, we recommend to read the discussion on this subject in Ref. [7] (see specially sections 3, 4 and 5 therein) where a different perspective is presented. In that reference one may find interesting arguments that are shared by many researchers. Given that many aspects of the controversy on the physical equivalence of the different conformal representations are reflected in the discussion in that reference, below we cite several selected statements made therein, with the hope that these can help us to better understand the origin of the controversy:
1. "The freedom of having an arbitrary conformal factor is due to the fact that the EEP does not forbid a conformal rescaling in order to arrive at specialrelativistic expressions of the physical laws in the local freely falling frame."
2. "It should be stressed that all conformal metrics φg µν , φ being the conformal factor, can be used to write down the equations or the action of the theory."
3. "As pointed out ... any metric theory can perfectly well be given a representation that appears to violate the metric postulates (recall, for instance, that g µν is a member of a family of conformal metrics and that there is no a priori reason why this metric should be used to write down the field equations)"
4. "... many misconceptions arise when a theory is identified with one of its representations and other representations are implicitly treated as different theories."
5. "... the arbitrariness that inevitably exists in choosing the physical variables is bound to affect the representation."
6. "Thus, there will be representations in which it will be obvious that a certain principle is satisfied and others in which it will be more intricate to see that. However, it is clear that the theory is one and the same and that the axioms or principles are independent of the representation."
7. "This situation is very similar to a gauge theory in which one must be careful to derive only gaugeindependent results. Every gauge is an admissible "representation" of the theory, but only gaugeinvariant quantities should be computed for comparison with experiment. In the case of scalartensor gravity, however, it is not clear what a "gauge" is and how to identify the analog of "gaugeindependent" quantities."
Which is the missing argument in the above listed statements? The statements in the first three items above, for instance, are all related with the existence of a class of conformal metrics, Ω 2 g µν . But, the BD theory like any other STT is not invariant under the conformal transformations so that this equivalence class is not well-suited to this theory. As a counterexample to this, in the next and the subsequent sections we shall present the action (and the corresponding motion equations) of theories that really embody the conformal invariance, so that the existence of an equivalence class of conformal metrics, Ω 2 g µν , is a natural consequence. A necessary requirement for the existence of this equivalence class is that the scalar field is not determined by a motion equation, i. e., it should be non-dynamical. This is, precisely, the price to pay for conformal invariance, since then, in addition to the four degrees of freedom to make coordinate transformations one has an additional degree of freedom to make conformal transformations of the metric. Contrary to this, in the BD theory -like in any other STT -there is always a motion equation that governs the dynamics of the scalar field. This means that, by solving the motion equations one is able to determine not only the spacetime metric, but also the scalar field, so that there is not any freedom in choosing φ. Hence, the missing argument in the reasoning line displayed by the above listed statements is the need for conformal invariance of the equations of the theory (the action plus the derived motion equations) in order to accommodate an equivalence class of conformal metrics.
We shall not discuss on the arguments displayed in the items 4, 5 and 6 above, since these are highly dependent on the assumed definition of what to understand by a representation of a theory and, hence, we shall inevitably end up discussing on semantic issues that have nothing to do with the core of the conformal frames' controversy. However, the statement in the last (seventh) item needs of some discussion. This statement contradicts the viewpoint on physical equivalence of the conformal frames advocated in Ref. [7] . According to the authors, the situation on physical equivalence of the conformal frames should be compared with a gauge theory -as we have discussed before in the example given by the Lagrangian (2) -where, although every gauge is an admissible representation of the theory, only gauge-invariant quantities are of relevance for purposes of comparison with the experiment. The authors themselves recognize in a sentence of this last statement that, in the case of scalar-tensor theories "it is not clear what a gauge is and how to identify the analog of gauge-independent quantities". 2 In view of our adopted concept of physical equivalence of the conformal frames as related with conformal symmetry of the gravitational laws (and the remaining laws of physics), the lack of clarity in what to understand by a gauge and what to identify by gauge-independent quantities within the framework of the STT-s, in connection with conformal transformations, is due to the fact that these theories do not actually embody conformal invariance.
B. When the JF and EF representations are regarded as non-equivalent frameworks
Up to this point in our discussion we have considered the controversy that arises when the different conformal frames are considered as physically equivalent representations of a same theory. In this subsection we shall briefly expose the point of view according to which the different conformal frames are regarded as physically nonequivalent representations, i. e., here we shall be concerned with the second of the questions that stand at the core of the conformal frames' controversy stated at the beginning of the introductory section. For instance, in the Refs. [4, 6, [19] [20] [21] [69] [70] [71] [72] [73] the physical equivalence of the JF and EF conformal frames is challenged both classically [4, 6, [69] [70] [71] [72] [73] and at the quantum level [19] [20] [21] . In Ref. [4] an example based on gravitational waves is explored in order to clarify the issue. It is seemingly demonstrated therein that the EF is the better suited frame to describe the physical phenomena. It has been shown in Ref. [6] that the gravitational deflection of light to second order accuracy may observationally distinguish the two conformally related frames of the BD theory.
Meanwhile in Refs. [69] [70] [71] [72] [73] , by means of the equivalence between the f (R) and STT theories, the physical nonequivalence of the JF and EF frames is demonstrated. The non-equivalence of these formulations of the BD theory from the physical standpoint has been investigated also in Refs. [74, 75] in what regards to the spacetime singularities.
Here, as before, if appropriate care is not taken about involved concepts, the discussion may go on to a semantic issue. First, what means that the different conformal frames are physically non-equivalent? After all, when one compares two different frames, even when these are related by a mathematical relationship of equivalence, as long as the physical laws are not invariant under the equivalence relationship, what one is comparing is two different theories with their own set of laws and of measurable quantities. Hence, it is natural to get different predictions for a given quantity when computed in terms of the measurable quantities of one or another frame. In this regard, looking for evidence on the non-equivalence of the different conformal frames amounts to looking for evidence in favor of one or the other theoretical framework, no more. This is precisely the point we want to make here in what regards the different conformal frames of BD theory and of STT.
A different thing is to search for a physical conformal frame among the conformally related ones. This would be a task inevitably doomed to failure. Actually, if the conformally related frames are physically equivalent, then all (or none) of them are physical. If they are not physically equivalent, then the different frames represent actually different theories: for instance JFBD is a metric STT while EFBD is GR supplemented with an additional non-gravitational universal fifth-force, i. e., a non-metric theory. In this case what matters is not whether the theory is physical or not but whether the theory's predictions meet or not the experimental evidence. Nevertheless one founds statements like this (here we do not cite any particular work since this kind of statement is quite generalized among researchers): "... the matter is coupled to the conformal metric Ω 2 g µν (the physical metric) and not to the gravitational metric g µν ." It is not difficult to understand that, in such cases when one may differentiate the gravitational metric from a metric to which the matter is coupled -which in such kind of statement means that the latter is the metric in terms of which the stress-energy tensor of matter is conservedwhat one has is not a STT, nor even GR, but a bimetric theory of gravity. That this is not usually recognized is just an indication of the lack of understanding of what a conformal transformation of the metric really entails for the STT-s.
III. AN EXAMPLE OF A CONFORMAL INVARIANT BD THEORY
If one follows -as we do here -the mainstream of thinking regarding physical equivalence of different representations of a theory, according to which the physical equivalence of the different representations is necessarily linked with invariance of the laws of physics -represented by an action principle and the derived motion equations -under given transformations; be it coordinate, gauge or conformal transformations, one is inevitably led to consider theories that really embody the conformal symmetry.
An example of a STT theory which is invariant under the conformal transformation of the metric plus a redefinition of the scalar field, known as Weyl rescalings:
is given by the following vacuum action [9] :
and the corresponding field equations,
The above equations (including the action itself) are not transformed by (10) . Besides, the motion equation for the scalar field is not independent from the Einstein's equation, since the trace of the first equation in (12) coincides with the second (KG) equation. This means that there is not an independent equation that governs the dynamics of ϕ, so that, the scalar field in this theory -as in any other conformal invariant theory -is not a dynamical degree of freedom. This is an inevitable consequence of conformal invariance. Actually, besides the four degrees of freedom to make diffeomorphisms, there is one more degree of freedom to make conformal transformations, so that we can set the scalar field ϕ to any function we want. As an example of this freedom, let us to look for cosmological solutions of this theory under the assumption of Friedmann-Robertson-Walker (FRW) spacetime background with flat spatial sections, whose line-element is given by:
The corresponding Friedmann and Raychaudhuri equations in (12) read (the KG equation is not independent from these):
The first equation above can be written as: 3(H + ϕ/2) 2 = 0, while the second one amounts to:Ḣ +φ/2 = 0, which is not independent from the former one. Hence, as solution of the equation of motion, one is left with a relationship between the scale factor and the gauge field: a(ϕ) = a 0 exp(−ϕ/2), where a 0 = exp C 0 (C 0 is an integration constant). One is then free to choose any function ϕ = ϕ(t) one wants, that would in turn drive a desired cosmic dynamics through a = a(ϕ(t)). A similar analysis can be found in Ref. [49] (see, in particular, section 3 of this reference) and in [32] (see section VI).
The invariance of the motion equations (12) -and of the action (11) -of the theory under the Weyl rescalings (10) entails that, instead of a given metric tensor g µν , one has a whole class of conformal metrics, Ω 2 g µν , through which one can geometrically interpret the physical (gravitational) phenomena. In other words, we have at our disposal a class of equivalent geometrical "realizations" of given physical laws. These different geometrical realizations is what we may consider as physically equivalent representations of the theory.
In order to better illustrate the analysis, let us assume that the pair, (g
µν (x) and ϕ (0) = ϕ (0) (x) are point-dependent functions, accounts for any given -"starting" -representation of the theory (11) . By means of the conformal transformation (10) with a chosen specific function Ω
is a positive continuous function), from this starting representation of the theory, a new representation is obtained:
Since both pairs, (g (0)
µν , ϕ (0) ), and (g
µν , ϕ (k) ), obey the same equations of motion (12) (these obey also, of course, the same action principle (11)), we can say that these pairs amount to two different but physically equivalent representations of the same theory. Here one may define conformal invariant (also coordinate invariant) quantities that can be related to the measurables of the theory as, for instance, dτ
, where R is the curvature scalar, etc.
The problem with the theory (11) is that, excluding traceless matter, the remaining matter degrees of freedom can not be consistently coupled to the theory since the trace of the Einstein's equation for vacuum coincides with the Klein-Gordon equation. This fact would be immediately understood by the reader if we would mention from the start that the action above is nothing but Brans-Dicke theory with the special value of the coupling constant [76] : ω BD = −3/2. Regardless of this, it serves as an example of a theory that really embodies the conformal invariance of the laws of physics invoked in Refs. [1, 5] and related work.
IV. THE (FORGOTTEN) GEOMETRICAL ASPECT OF CONFORMAL INVARIANCE
A less known aspect of the conformal transformations of STT, in particular of BD theory, has been explored in Ref. [9] (see also Refs. [61, 62, 75, [77] [78] [79] [80] [81] ). It is linked with the geometrical face of the conformal transformations (1). According to the line of reasoning in Ref. [9] , under the conformal transformation (1), the transformation of the Christoffel symbols of the metric g µν in (A1) may be interpreted in the following alternative way:
where Γ σ µν are the affine connection of Weyl-integrable geometry 3 (WIG) with the Weyl gauge scalar being identified with the logarithm of the conformal factor: ϕ ≡ ln Ω 2 . The metricity condition of the WIG (the supra-index (w) means that given quantities and operators are defined in terms of the affine connection Γ σ µν ) is given by: ∇ (w) σ g µν = −∂ σ ϕg µν . It has been proposed in [9] that the geometrical structure better suited to address conformal invariance or invariance under Weyl rescalings is not (pseudo)Riemann geometry -as it is implicitly assumed when the issue is discussed in the bibliographybut WIG instead (see section VI below).
If assume WIG as the geometrical structure to be associated with the action (11), the conformal invariance of the latter theory is complemented with the conformal invariance of the associated geometrical background, including invariance of the WIG geodesics under (10) . As a consequence, the issue of the conformal frames acquires a new dimension if assume the alternative way (13) . Actually, in this case a conformal transformation from the JF to the EF takes us from (pseudo)Riemannian manifold into a WIG-space. Hence, from the start it is not required to compare these frames since these are associated with different geometrical structures. For a more detailed discussion on this new aspect of the conformal transformation's issue we recommend Ref. [9] .
V. ANOMALOUS WEYL-INVARIANT THEORIES OF GRAVITY
Invariance of the laws of gravity under Weyl rescalings (10) has been repeatedly invoked in the context of the SMP coupled to gravity [55] [56] [57] . In order to discuss on local scale invariance of the gravitational laws it is useful to write the following prototype action [23, 76] :
Since, under the Weyl rescalings:
the combination |g|[φ 2 R + 6(∂φ) 2 ] is kept unchangedas well as the scalar density |g|φ 4 -then the action (14) is invariant under (15) . Any scalar field which appears in the gravitational action the way φ does, is said to be conformally coupled to gravity. Hence, for instance, the following action [31, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] :
is also invariant under (15) since both φ and σ are conformally coupled to gravity, provided that the additional scalar field σ transforms in the same way as φ: σ → Ω σ.
For the coupling ∝ (φ 2 − σ 2 ) −1 to be positive and the theory Weyl-invariant, the scalar ϕ must have a wrong sign kinetic energy -just like in (14) -potentially making it a ghost. However, the local Weyl gauge symmetry compensates, thus ensuring the theory is unitary [34] [35] [36] .
In the model of Refs. [35, 36] , in order to get geodesically complete spacetimes it is required that not only the field ϕ, but also the doublet Higgs field H be a set of conformally coupled scalars consistent with SU (2) × U (1). The corresponding Weyl-invariant action that describes the coupling of gravity and the standard model reads:
, where L SMP is the Lagrangian of the standard model of particles and,
In the above equation we have used the notation 
where ψ stands for the fermion fields for quarks or leptons, and the A a µ are the gauge fields for the photon, gluons, W ± and Z 0 bosons. In this theory the only scale is generated by gauge fixing φ to a constant: φ(x) → φ 0 . All dimensionful parameters emerge from this single source:
In Refs. [40] [41] [42] [43] , a new class of conformally invariant theories which allow inflation, even if the scalar potential is very steep in terms of the original conformal variables, was explored. In order to understand how the cosmological attractor arises in these theories let us to investigate a toy model [43] given by the action (16) 
In addition to the invariance under Weyl rescalings,
it has a global SO(1,
Under this choice of the gauge, the starting action is transformed into the following GR action with a canonical (minimally coupled) scalar field and a cosmological constant:
The potential term ∝ (φ 2 − σ 2 ) 2 is the "placeholder" for what becomes a cosmological constant. The main idea developed in Refs. [40] [41] [42] [43] is that one can construct a class of inflationary models by locally modifying the would be cosmological constant (the placeholder):
where f 2 (σ/φ) is an arbitrary function of the ratio σ/φ. Through f 2 (σ/φ) one deforms the starting SO(1, 1) symmetry. In the gauge φ 2 − σ 2 = 6, one gets:
Hence, since asymptotically tanh ϕ/ √ 6 → ±1, i. e., f 2 (tanh ϕ/ √ 6) → const, the system in the large ϕ-limit evolves asymptotically towards its critical point where the SO(1, 1) symmetry is restored.
A. Anomalous matter coupling
The motion equations that can be derived from (14) (here for simplicity we drop the potential term ∝ φ 4 ) read:
The interesting thing is that the trace of the first equation above (the Einstein's equation) exactly coincides with the KG motion equation that is derived from (14) . Hence, if add minimally coupled matter with stress-energy tensor T (m)
µν (it would appear with a factor of 6 in the RHS of the first equation), the trace of the Einstein's equation then would yield:
while the KG equation continues being given by the second equation in (18) . Hence, only traceless matter: T (m) = 0, can be consistently coupled in the above scale invariant theory of gravity, unless one allows the matter to couple non-minimally [32] . This result is easily understood if note that under the scalar field replacement, φ → φ 2 , up to the factor of 1/12, the action (14) is just BD theory with the special (anomalous) value of the coupling constant (ω BD = −3/2) [76] . This problem with the anomalous coupling of matter in the theory (14) , as well as in (16) , is usually misunderstood or just evaded.
In addition to the above problem, as shown in Ref. [39] , Weyl invariance of the theory (14) -the same for (16) -does not have any dynamical role since its associated Noether symmetry current vanishes. Besides, another (perhaps related) aspect of local scale invariance of gravity theories, that is not discussed as frequently as desired, is related with its geometrical implications: Conformal invariance or invariance under Weyl rescalings (15) , is meaningless until a geometrical background is specified. Here by geometrical background we do not understand just a metric but a whole geometrical set up. I. e., a set of geometrical laws that define a geometrical structure, for instance, (pseudo)Riemann geometry, or Weyl geometry, etc. Usually it is implicitly assumed that the background geometry is (pseudo)Riemann, but, in what regards conformal invariance, this implicit choice has its own drawbacks. As demonstrated in section II, under a conformal transformation of the metric in (15) the geodesics of the metric are transformed into non-geodesics in the conformal frame. Hence, assuming the action (14) to be defined on a pseudo-Riemann manifold, means that, while the gravitational laws -represented by the action and the derived equations of motion -are indeed invariant under the Weyl rescalings (15), the geodesics of the metric are transformed into non-geodesics paths. This means, in turn, that there exists an anomalous fifth-force effect in one of the conformally related representations given that it is absent in the other one. This effect, by itself, invalidates the assumed Weyl invariance of the laws of gravity in the theory (14) and/or in (16), since the "gauge" field φ becomes into a dynamical degree of freedom, that is incompatible with local scale invariance. We think that this is, precisely, the origin of the non-dynamical property of the Weyl invariance discovered in [39] .
VI. ANOMALY-FREE WEYL-INVARIANT THEORY OF GRAVITY
As discussed in section IV, a way out of the above discussed problem may be to look for an appropriate geometrical structure that may really embody the conformal invariance of the action -and of the derived motion equations -of the theory. Here we propose that this geometric structure is a Weyl-integrable manifold (see also [9, 32, 60, 61, 75, [78] [79] [80] [81] ).
Let us assume that the background geometry is Weylintegrable 4 instead of pseudo-Riemann. In this case the affine connection of the geometry does not coincide with the Christoffel symbols of the metric but it is given, instead, by:
where ϕ is the Weyl gauge boson which here is not related to the conformal factor as in (13) . Under the Weyl rescalings (10):
the above affine connection is not transformed; Γ σ µν → Γ σ µν , while:
where the quantities (and operators) with supra-index (w) are defined in terms of the affine connection (19) so that, for instance, G
µν stands for the Weyl-integrable Einstein's tensor, etc. Hence, thinking along these lines, one may replace the BD action (11) with the anomalous value of the coupling constant (ω BD = −3/2), by its Weyl-integrable (also Weyl-invariant) counterpart [32] :
In this theory the scalar field ϕ is a gauge field, i. e., it is not a dynamical degree of freedom since it can be safely gauged away without any physical consequences. If in the RHS of (20) add a matter piece of action S m = d 4 x |g|L m , the derived Weyl-integrable Einstein's equation [32] :
is not only Weyl-invariant, but also admits coupling of matter degrees of freedom other than the radiation (see the next section). Here we want to notice that in the matter action, the Lagrangian density |g|L m is not transformed under the Weyl rescalings (10) since, under the conformal transformation:
One of the first Weyl-invariant theories of gravity with the SMP minimally coupled was proposed in Ref. [23] and then a related model was proposed in Ref. [25] . In these proposals the Weyl geometry was assumed so that, instead of a Weyl-gauge scalar as above, a Weylgauge vector played the role of the gravitational gauge field. In the theory of [25] the EW symmetry breaking potential not only allows for generation of masses of the gauge bosons (and fermions) but, also, generates the Planck mass. The requirement of local scale invariance of this theory leads to the existence of Weyl's vector meson which absorbs the Higgs particle remaining in the Weinberg-Salam model. Here, for simplicity and in order to avoid certain issues associated with the assumption of a gauge vector, we have decided to choose the simplest Weyl-integrable geometrical structure with its associated gauge scalar ϕ instead.
VII. EXTENDED GENERAL RELATIVITY
In what follows we shall explore the physical consequences of the simplest of the Weyl-invariant theories of gravity, that is given by the following action and the corresponding field equations:
More complex Weyl-invariant Lagrangians may include higherorder curvature terms like:
, where a, b and c are constants. The following transformation properties of given quantities under (10), have been considered:
where λ is a free constant. How the Planck mass squared -being a constant with the dimensions of mass squared -affects the Weyl invariance of the theory, is a subject that will be discussed below in section VIII. For the moment we assume, without discussion, that only the fields are transformed by the Weyl rescalings (10). Hence, the constants of nature, no matter whether these are dimensionless or dimensionful, are not transformed by the Weyl rescalings.
In the above action the explicitly assumed geometrical structure of the underlying spacetime is WIG. Since in this case not only the orientation, but also the length of vectors, l = g µν l µ l ν , are point-dependent quantities:
this entails that the units of measure themselves are point dependent measures as well. Given that the contracted Bianchi identity in the WIG reads:
µν = 0, and that the Weyl-integrable metricity condition is given by:
then the conservation equation that follows from the Einstein's equation (22) can be written as:
where the RHS is not to be considered as a source term, since it is originated from the fact that the units of measure of the stresses are point-dependent quantities in WIG (compare with the Weyl-integrable metricity condition (23)). It may be convenient to introduce the Weylintegrable stress-energy tensor (WISET) for the matter:
so that the conservation equation (24) takes the "formal" conservation equation look:
Notice that the WISET shares the same transformation properties of the Weyl-integrable Einstein's tensor G , is not transformed by (10) .
The Weyl-invariant property of the above conservation equation is reminiscent of the invariance of the WIG geodesics:
or after an appropriate redefinition of the affine parameter, ds → e −ϕ/2 dτ :
under the Weyl rescalings (10). In the last equation the affine parameter dτ is not transformed by the conformal transformation.
A. Gauge freedom: the GR gauge
It is apparent from (22) that there is not an independent equation of motion for the gauge field ϕ. As a matter of fact, the Einstein's equation in (22) and the conservation equation (24) , are the only independent motion equations of the above Weyl-invariant theory of gravity. This property is the inevitable consequence of invariance of the theory under the Weyl rescalings (10). Hence, in addition to the four degrees of freedom to make diffeomorphisms, there is an additional degree of freedom to make conformal transformations. In other words: we are free to choose any function ϕ = ϕ(x) we want provided it is continuous and (at least twice) differentiable.
A particularly simple and outstanding gauge is the one given by the choice: ϕ = ϕ 0 , where ϕ 0 is a constant. Under this choice the affine connection of Weyl-integrable spaces is transformed into the Christoffel symbols of the metric and the metricity condition of WIG is transformed into the Riemann metricity property: the metric tensor is covariantly constant. This means, in turn, that the Weyl-integrable spaces are transformed into spaces with (pseudo)Riemann geometric structure, as those in GR. In correspondence with this choice of gauge, the motion equation in (22) transforms into the Einstein's equation of general relativity:
The Einstein's equation is supplemented with the standard conservation equation: ∇ µ T (m) µν = 0. In other words, the choice ϕ = ϕ 0 corresponds to plain general relativity, and we call this as the GR gauge. Hence, GR is one of the infinitely many physically equivalent representations of the Weyl-invariant laws of gravity (22) . This is why we call the above Weyl-invariant theory of gravity as "extended general relativity" (EGR).
There can be, of course, infinitely many possible choices of the gauge field ϕ, with each one of the choices leading to a potential description of the gravitational laws according to EGR. Measurable quantities are independent of the above choice since these are necessarily invariant under the Weyl rescalings (10). For instance, the gauge invariant measure of the curvature scalar is defined by, R * := e −ϕ R (w) , while the gauge-invariant measure of spacetime separations (line-element squared) is ds 2 * := e ϕ ds 2 . Other Weyl-invariant quantities are:
among others. Let us focus, for illustration, in the Weylinvariant Kretschmann scalar:
In the GR gauge, for instance,
where R µντ λ is the standard (GR) Riemann-Christoffel curvature tensor. Hence, we have that: (28) where K GR is the standard (Riemannian) Kretschmann invariant. The above equation will be useful in section X, when we discuss on the singularity issue.
B. Coupling the SMP in a Weyl-invariant way
In order to incorporate the standard model of elementary particles in a Weyl-invariant way into the theory (22) , the EW Lagrangian for the Higgs field could be written as:
with
, where the gauge covariant derivative:
Here 
while the enlargement of the gauge covariant derivative (30) to include the derivative of the Weyl gauge scalar, allows the corresponding operator to preserve, also, the Weyl symmetry. This entails that, D µ → D µ , and that, besides, the gauge derivative commutes with the conformal factor: [D µ , Ω] = 0, so that under (10),
leading to: L H → Ω 4 L H , i. e., the EW Higgs field action piece, S H = d 4 x |g|L H , is not transformed by the Weyl rescalings. Above we have assumed that the "bare" constants g, g ′ , λ ′ and v are not transformed by (10) (see the following section for a discussion on the transformation properties of the constants of nature).
In the SMP supported by the Weyl-invariant Lagrangian (29), after "symmetry breaking" the Higgs acquires a point-dependent VEV; |H| = v e ϕ/2 , so that the gauge bosons and fermions of the SMP acquire pointdependent masses: m p (ϕ) = g p v e ϕ/2 , where g p is some gauge coupling. The resulting theory of gravity and of the SMP preserves the Weyl symmetry even after symmetry breaking. 6 This means that Weyl invariance may be an actual symmetry of the laws of physics in our present universe.
VIII. THE CONSTANTS OF NATURE AND THEIR TRANSFORMATION PROPERTIES
An aspect of the theory of gravity (22) that is worthy of noticing, is related with the transformation properties of dimensionful constants under the Weyl rescalings (10). In the bibliography (see, for instance, [1, 5] ) one founds arguments that point to dimensionless constants as being unchanged by the Weyl rescalings, while dimensionful constants should be necessarily transformed under (10) . Although at first sign this might appear as a natural statement, in the same cited references one founds dimensionful constants, like the Planck constant , the speed of light c and the electric charge of the electron e, that are assumed to be unchanged by the Weyl rescalings. In this regard, let us assume that the (dimensionful) constant mass of a given particle, say m p , transforms like [1, 5] : m p → Ω m p , under the Weyl rescalings. Since, according to (10): e ϕ/2 → Ω e ϕ/2 , then one may conclude that the mass of a particle -assumed to be a constant from the start -should be a point-dependent quantity as well: m p ∝ e ϕ/2 . The inconsistency arises from the fact that Riemannian geometry -usually assumed to be the underlying geometrical structure of spacetime -does not admit varying constants since the affine law of the Riemannian manifolds does not admit the length of vectors 6 The Weyl invariance of the action for fermion fields in curved spacetime is shown in Ref. [25] (see also the appendix B of Ref. [32] ).
to vary under parallel transport. Hence, any assumption on the transformation properties of the constants of the theory under the Weyl rescalings, can be either an independent postulate of the theory or a meaningless statement otherwise. Following this reasoning line we want to criticize a statement frequently found in the bibliography on scale invariance: "Weyl symmetry does not allow any dimensionful parameters in the action." Such a statement were correct if implicitly assume Riemann geometry to govern the affine properties of spacetime, i. e., if these parameters were not supposed to vary from point to point in spacetime, but not in general.
It is important to notice that the fundamental dimensionful constants such as the Plack mass, are included in the action (22) from the start. In this regard, the theory (22) is to be considered as less fundamental than, for instance, the ones in [23-25, 31, 34-37, 39-43] . In particular, the emergence of fundamental scales can not be addressed within this setup [32] . Besides, the action (22) differs from the one in [31, [34] [35] [36] [37] [39] [40] [41] [42] [43] , in that the underlying geometric structure is WIG, and ϕ is no longer another singlet scalar field but it is just the Weyl gauge field of WIG, i. e., the ϕ-kinetic energy term is already included in the Weyl-integrable curvature scalar:
where in the RHS of this equation the given quantities and operators coincide with their Riemannian definitions in terms of the Christoffel symbols of the metric.
The main consistency assumption of the theory (22) (see Ref. [32] ) is that only the fields may be transformed by the Weyl rescalings (10). In this regard, for instance, the BD-type scalars like in (14) are transformed in the same way as the (square root of the logarithm of the) gauge scalar: φ → Ω φ, while for vectors,
For the fermion fields ψ the transformation under (10) reads: ψ → Ω 3/2 ψ, etc. The actual constants are not transformed by the Weyl transformations (10). This is their distinguishing feature. However, if the given dimensionful constant is multiplied by an appropriate power of some field, the resulting quantity is not a constant any more but a field. Take as an example the varying Planck mass squared:
, then the resulting point-dependent Plack mass squared does actually transform under the Weyl rescalings, just as a scalar field does. In this case Weyl invariance might be preserved if consider terms like
Pl (ϕ), in the action. The occurrence of such varying "constants" in a WIG-based Weyl-invariant theory of gravity is the natural consequence of the variations of the length of geometrical objects (vectors, tensors, etc.) during parallel transport in manifolds with WIG structure.
The price to pay for allowing point-dependent fundamental constants in the scale-invariant action from the start, is to renounce to "natural" generation of those fundamental constants by means of symmetry breaking arguments. In the present paper, following Ref. [32] , we shall call the actual constants like , c, M Pl , v, etc., as "bare" constants, in contrast to point-dependent "constants" which are obtained as a combination of a bare constant and some power of the Weyl gauge scalar. In the action (22) , as well as in (29), we have included the point-dependent Planck mass M Pl and EW mass parameter v, respectively:
ϕ , where the constants carry appropriate units, while the gauge scalar ϕ is dimensionless. As already said, these point-dependent "constants" arise naturally in spacetimes whose affine geometrical structure is governed by Weyl integrable geometry or any other modification of Riemann geometry, which allows the lengths of vectorsand the associated units of measure -to vary from point to point in spacetime.
IX. COSMOLOGY IN THE EXTENDED GENERAL RELATIVITY
Let us to search for cosmological solutions of the motion equations in (22) . As before, here we consider a FRW background spacetime with flat spatial sections, with line-element:
For simplicity here we take the case with λ = 0, so that the second term in the RHS of (33) vanishes. The case with λ = 0 will be considered separately. The Friedmann equation in (22) and the conservation equation (24) 
or, after integrating the second equation above:
where M 4 is an integration constant. In the above equations the matter contribution have been assumed in the form of a perfect barotropic fluid with energy density, ρ Let us introduce the variable, Z ≡ ln a + ϕ/2, so that (33) reads:
Straightforward integration of the above equation yields to:
where t 0 is an (rescaled) integration constant and
Given the gauge freedom inherent in the Weyl invariant theory of gravity (22) , only the combination ae ϕ can be determined by the motion equations. We are free to choose either any a(t) or any φ(t) we want. Assume, for instance, the following cosmic dynamics: a(t) = a 0 (t − t 0 ) n . In this case the dynamics of the scalar field is given by:
where ϕ 0 ≡ ln(α 2/3γ /a 0 ). Notice that the choice, n = 2/3γ, leads to the GR gauge where: ϕ = ϕ 0 and a(t) = a 0 (t − t 0 ) 2/3γ . Another interesting situation is when the background fluid is vacuum: γ = 0. In this case, integration of (33) yields:
where C 0 is (the exponent of) an integration constant. Hence, the choice of the GR gauge where ϕ = ϕ 0 , leads to de Sitter expansion:
Another particularly interesting gauge is when, ϕ(t) = ϕ 0 + 2 M 4 /3M 2 Pl t. In this gauge, a = C 0 e −ϕ0/2 , is a constant so that we get a static universe. This means that de Sitter expansion in GR where the space is taken to be Riemannian, is physically equivalent to a static universe where the affinity of the space is Weyl integrable.
How it can be that the same experimental data that supports Riemannian-de Sitter expansion can serve as experimental evidence for a Weyl-integrable static universe? The prompt answer is quite simple: While in the Riemannian de Sitter space the measured redshift is due to the expansion of the universe, in the Weyl-integrable space the same redshift is due to variation of the units of measure during the cosmic evolution. Imagine that as a result of certain atomic transition a photon with frequency, ω ∝ ∆m Atom ∝ exp(ϕ(t p )/2), is emitted at some time t p in the past in a distant location, in a Weyl-integrable static space. The energy of the photon ( ω) when received at some latter time t 0 , is not enough to excite the same atomic transition in a similar atom: ∆m 0 Atom ∝ exp(ϕ(t 0 )/2). The measured redshift would be,
where we have assumed that t 0 , t P ≪ 3M 2 Pl /M 4 , i. e. we are considering time periods much more shorter that the lifetime of the universe ∼ H −1 0 ≈ 10 18 sec. Hence, even if the universe is static, in a Weylintegrable space, due to the point-dependent property of the units of measure, there is room for the redshift. This point will be discussed in detail in section XI B below.
A. Background without matter and λ = 0
In this particular case we take ρ (w) m = 0, and the motion equation in (22) reads:
For definiteness let us choose the positive branch and the particular case where H = H 0 , i. e., again the de Sitter expansion. We get:
which, after straightforward integration yields;
where C 0 is (the exponent of) an integration constant. It is seen that in the formal limit t → −∞, the Weyl gauge scalar,
is basically a constant so that the GR gauge is approached in this limit. This is an example of a cosmic dynamics that continuously joints the GR gauge with another (non-GR) gauge.
X. EXTENDED GENERAL RELATIVITY AND THE SINGULARITY ISSUE
The apparent paradox that arises when comparing solutions with a spacetime singularity in one frame with the same solutions in a conformal frame where the singularity may be absent, has been discussed several times without a clear resolution [5, 9, 74, 75] . In this regard we have to say that the issue has been discussed within the framework of the Brans-Dicke theory -in its JF and EF representations -where there is no room for conformal invariance of the laws of gravity and, hence, the assumed physical equivalence of the conformal frames may be unjustified. In Ref. [5] , for instance, it is said that: "If, following Dicke [1] , the Jordan and Einstein frames are equivalent, singularities occur in the Einstein frame if and only if they occur in the Jordan frame." Then it is apparently demonstrated that given a bigbang singularity in the JF, in the EF the singularity will be still there. The demonstration relies on the assumption of running units in the Einstein's frame. This assumption could be correct if suppose, besides, that the geometric structure of the spacetime is Weyl-integrable, but not in a (pseudo)Riemannian manifold where there is no room for varying length of vectors under parallel transport.
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Although (in principle) one may be free to assume the behavior of the units of measurement as an independent postulate of a given theory, this is not without costs. In particular this would entail that the masses of particles may be point-dependent if the units of measure are so, and that certain effects usually adscribed to the curvature as, for instance, the redshift, may be partly due to the curvature and partly due to the assumed point-dependent property of the measurement units. Hence, the assumption is at the cost of assigning gravitational effects to the units of measurement (and to the measurement process) themselves.
As we shall show below, such kind of statement conditioning the unavoidance of spacetime singularities in the different conformally related frames to their physical equivalence, is wrong in general, even if the conformal frames (or gauges) are actually physically equivalent. In order to show this we shall consider the Weyl invariant theory (22) , i. e. the so called EGR (see sections VII, VIII and IX above). In this theory the different conformal frames or gauges, are actually physically equivalent given that, not only the action of the theory and the derived motion equations are invariant under Weyl rescalings (10), but, also the assumed WIG-structure of the background spacetimes, warrants that the geodesics of the geometry are conformal invariant. This, in turn, eliminates the possibility of the anomalous coupling of matter in Weyl-invariant theories where the underlying structure of the background spacetimes is Riemannian (see section V and, specially, subsection V A).
Since the quantities that have the physical meaning are those which are not only invariant under general coordinate transformations but, at the same time, are also invariant under the Weyl rescalings (10) -here we call these as gauge invariant quantities -our discussion will rely exclusively on these gauge invariant quantities. Take, for instance, the gauge-invariant measure of spacetime separations: ds 2 * = e ϕ g µν dx µ dx ν . Consider the GR-gauge, where ϕ = ϕ 0 (for simplicity let us take ϕ 0 = 0). We have that, ds
This entails the following relationship between the GR metric tensor and a given conformal metric:
Let us further assume, for definiteness, the spherically symmetric Schwarzschild GR vacuum metric,
where dΩ 2 ≡ dθ 2 + sin 2 θdφ 2 . Since we can freely choose the gauge scalar, let us set:
where q is an arbitrary constant that parametrizes our choice for the gauge scalar. Hence, we have a set of physically equivalent WIG descriptions of the laws of gravity (22) given by: {(M, g q µν , ϕ q ) : q ≥ 0}, where M represents the spacetime manifold. The values q < 0 are not considered since, as shown in Ref. [75] , in this case one gets a set of spacetimes with naked singularities. Notice that general relativity is included in the above equivalence class as the representation specified by the choice, q = 0. For the q-th representation the metric reads:
where,
is the proper radial coordinate. Since ρ could be nonnegative, then: 2m ≤ r < ∞. Besides, the proper radial coordinate is a minimum at r min = 2(1 + q)m, where
In order to discuss on the occurrence of spacetime singularities it is useful to write the relationship between the GR Kretschmann scalar, K GR = R µντ λ R µντ λ = 48m 2 /r 6 , and the one for the conformal WIG represen-
, given in (28) with ϕ 0 = 0:
A class of spacetimes with two asymptotically flat spatial infinities is obtained: one at r → ∞ and the other one at r → 2m where, in both cases, ρ → ∞ while K (w) → 0. These spatial infinities are joined by a throat with minimum value of the proper radial coordinate, ρ min , given by (39) , where the curvature is a maximum:
A similar result was discussed in Ref. [75] , however, as already mentioned, in that reference the BD theory was considered so that the analysis performed was not based on the gauge invariants like in the present section. Other discussions on the singularity issue can be found [5, 74] where, once again, due to the lack of invariance under the Weyl rescalings (10), the analysis could not be based on the gauge invariants.
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The result we have just obtained is a clear example of the fact that a given spacetime singularity existing in one or in several physically equivalent frames, may be safely avoided in other physically equivalent representations. In the present case, a Schwarzschild black hole with a singularity at r = 0, that is enclosed by an event horizon at r = 2m, occurring in the GR gauge, in a class of conformal, physically equivalent gauges, {(M, g q µν , ϕ q ) : q > 0}, is replaced by wormhole spacetimes which are free of singularities.
XI. DISCUSSION
There are two main results that, despite being intimately related, we want to discuss separately. The first result we want to discuss is about the meaning of conformal invariance or Weyl invariance in connection with the conformal transformations' issue, while the second result is related with the unavoidable physical consequences of Weyl invariance.
A. Conformal transformations and physical equivalence of the conformal frames
When discussing on physical equivalence of different representations/frames/gauges of a given theory, one almost immediately thinks on general relativity or on the gauge theories of the interactions, where the different coordinate frames in the former, or the different gauges in the latter, carry no physical meaning at all. As a matter of fact the different coordinate frames in which the laws of gravity can be formulated according to GR, are physically equivalent, so that from the physical standpoint none of the coordinate frames is preferred over the others. The same is true of any of the different gauges in which the given gauge theory may be formulated. Hence, it is difficult to understand how one can discuss on physical equivalence of the conformal frames in which the scalartensor theories can be formulated, when these theories do not actually embody conformal invariance of the laws of gravity. What can be understood by physical equivalence in such cases? Physical equivalence necessarily entails a underlying symmetry which, in turn, means some freedom in the choice of given field variable(s). When the conformal transformation is considered, in addition to the four degrees of freedom to make diffeomorphisms, an extra degree of freedom arises in connection with the conformal symmetry. But in the Brans-Dicke theory, as in the scalar-tensor theories in general, there is not any additional degree of freedom in connection with the assumed conformal invariance of the gravitational laws! Regardless of this, in almost every work on the issue where physical equivalence of the conformal frames is invoked, it is mentioned that the laws of physics must be invariant under units' transformations understood as conformal transformations of the metric (see, for instance, Ref. [1, 5, 7, 75] ). But, the mere existence of the different conformal frames, like the JF and the EF, is an evidence against invariance of the Brans-Dicke (also of general scalar-tensor) laws of gravity under the conformal transformations of the metric, where by "laws of gravity" we understand the action principle together with the derived equations of motion. This is why we think that the theoretical basis for the conformal transformations' issue is doubtful.
In the present paper, in order to discuss on physical equivalence in connection with conformal invariance, we have chosen an example of an actually conformal invariant theory of gravity (22) , where not only the equations of motion (and the action) are invariant under the Weyl rescalings (10), but also the geodesics of the geometry are unchanged by (10) . This is a very important point to consider since there are many works on local scale-invariant theories of gravity (see, for instance, Refs. [33] [34] [35] [36] [40] [41] [42] [43] ), where the geometrical aspect is not adequately discussed. Moreover, it is implicitly assumed that the underlying geometrical structure of the background spacetime is Riemann geometry. But, as shown in subsection V A, this geometrical structure is not well suited to address Weyl invariance, since the geodesics of the metric in Riemann geometry are indeed transformed by the conformal transformations.
B. Physical implications of Weyl invariance
As discussed above, Weyl invariance of the physical laws -in particular of the gravitational laws -implies invariance of the action of the theory and, consequently, of the resulting equations of motion, under Weyl rescalings (10):
Additionally, it also requires invariance of the geodesics of the geometry under these transformations since, otherwise, an issue with anomalous coupling of matter inevitably arises (see subsection V A). This is achieved only if substitute the usually assumed Riemann geometrical structure of the background spacetime, by the Weylintegrable geometry, where the units of measure are allowed to depend on the spacetime point. We end up with a theory where Weyl invariance is explicit in the action/field equations (22):
and where the geometric quantities and operators are defined in spacetimes with Weyl-integrable affinity (also explicit in the action/motion equations where these quantities are identified by a supra/sub-index (w)). This theory, called here as EGR, represents an actual example of a fully Weyl-invariant theory, where by "fully" we understand that there are not problems with a consistent coupling of matter degrees of freedom (other than radiation).
In such kind of theory that actually embodies physical equivalence of the different conformal frames/gauges, the gauge scalar ϕ -or one of the components of the metric -can be chosen at will given the additional degree of freedom associated with Weyl invariance. The consequences of this gauge freedom are actually astonishing: The observational evidence for a spherically symmetric (Schwarzschild) black hole that is recorded by observers living in the GR-gauge, is interpreted by observers living in a conformally related gauge as a wormhole -without singularity -joining two asymptotically flat spatial regions (see section X). Another example of this gauge freedom may be found within the cosmological setting (see section IX). It has been shown that a de Sitter space in the GR-gauge is physically equivalent to a Weylintegrable static universe in a properly chosen conformal gauge. In this case, while in the GR gauge the redshift data suggests exponentially fast expansion, in the given WIG conformal frame although the metric is flat (the universe is static), the non-vanishing Weyl gauge scalar also contributes towards the curvature of spacetime, resulting in a redshift effect associated with the point-dependent property of the units of measure. Below we shall explain what happens in more detail.
On WIG geodesics and the redshift
One of the indisputable assumptions of the conformal transformations procedure is that the co-variant components of the vector potential A µ are not transformed by the conformal transformation in (10) . Hence, consistency of the procedure requires that the co-variant components of any other vector, be it the 4-wavevector k µ of a photon, or the 4-momentum of a particle p µ , would not be transformed by the Weyl rescalings: (A µ , k µ , p 
.).
Hence, the Weyl invariant WIG geodesic equations for particles with point dependent mass m(ϕ) = m 0 e ϕ/2 and 4-momentum,
read (compare with equation (26)):
The 4-wavevector k µ = (w, k) of a photon obeys the same geodesic equation after simultaneously replacing p µ → k µ , and the line element by the differential of an affine parameter σ along the photon path: ds → dσ. We recall that, under the Weyl rescalings (10), (ds, dσ) → Ω −1 (ds, dσ). The subtle point here is that, if in the above geodesic equations replace the WIG affine connection, Γ µ σλ , by its expression through the Christoffel symbols of the metric, { µ σλ } in (19) , for the geodesic of a particle with 4-momentum we get:
while for a photon, since g σλ dx σ dx λ = 0, the geodesic:
coincides with the geodesic of a photon in a Riemannian spacetime. This is another way to show that the geodesics of massless particles are not affected by the conformal transformations of the metric. In other words, the photon is blind to the affinity of the spacetime: it does not differentiate a Riemannian space from a Weylintegrable one. Consider next a static FRW space (the scale factor is a constant), so that the Christoffel symbols of the metric all vanish. From the geodesic equation for particles with the mass it follows that the 4-momentum changes along the geodesic, meanwhile, from the photon's geodesic equation it follows that the 4-wavevector is unchanged under parallel transport along the geodesic. Let us assume that the (rest) energy of a given atomic transition in a given spacetime point P , is given by: ∆m(ϕ(P )) = ∆m 0 exp(ϕ(P )/2). As a result of the transition a photon of energy ω P = ∆m(ϕ(P )) is emitted. Suppose now that an identical atom that is placed at another spacetime point P 0 , also emits a photon as a result of the same transition. The energy of the emitted photon is given by: ω P0 = ∆m 0 exp(ϕ(P 0 )/2). Let us assume that the photon emitted at P reaches P 0 so that its energy can be compared with the energy of the photon emitted at P 0 . Since, according to (42) , in a static universe the energy carried by the photon is unchanged along the photon's path, the relative magnitude of the redshift in the case discussed here, is given by:
Hence, the occurrence of a non-vanishing redshift in a static WIG universe is due to the fact that the masses of particles -including atoms, etc. -that emit photons, are point-dependent quantities, while the energy of the photons themselves is unchanged along photons path's in a flat spacetime background.
Experimental evidence and geometry
The overwhelming situation discussed above is that, from the experimental point of view, extremely different yet physically equivalent descriptions, are perfectly allowed and equally "real" (here we are assuming that the EGR is a correct theory of gravity). Hence, the experimental evidence can not differentiate between the different representations within a conformal equivalence class. In other words, assuming that GR is a correct description of the laws of gravity, amounts to assuming that any of the infinitely many physically equivalent gauges: (g q µν , ϕ q ) (q ≥ 0),
where ϕ 0 is a constant, can be also a correct description of the laws of gravity. The experiment is not able to differentiate between these equivalent representations. In this regard the interesting question would not be, for instance, whether the expansion of the universe is accelerating or not, but, which one of the infinitely many physically equivalent conformal universes is the one we live in.
XII. CONCLUSION
The aim of this paper has been twofold. On the one hand our starting purpose was to discuss (once again) on the conformal transformations' issue. The study of conformal symmetry led us, on the other hand, to explore Weyl-invariant (also conformal or local scale invariant) theories of gravity -including the SMP sector -and their physical implications. In what regards to the physical equivalence of the conformal frames in which a given scalar-tensor theory of gravity (including the BD theory) may be formulated, our conclusion is that the different frames amount to different -yet mathematically equivalent -theories. Physical equivalence of the conformal frames requires invariance of the laws of gravity (and of the remaining laws of physics) under the Weyl rescalings (10). This is not the case for the BD and the scalartensor theories, where the Weyl rescalings take us from one frame (say, the JF) into the conformal frame (the EF, for instance). Hence, the mere existence of the different frames is an evidence of the lack of conformal symmetry of these theories.
One of the most immediate implications of assuming that Weyl invariance is an actual symmetry of the laws of physics, is the gauge freedom that adds to the coordinate freedom inherent in the known fundamental theories. It happens that instead of a definite solution of the motion equations -like, for instance, in GR -a whole set of physically equivalent conformal solutions arises. All of these solutions are consistent with the same experimental data and none if preferred over the others. Hence, in a Weyl invariant world -with general relativity as a particular gauge -the question about whether the experiment can determine the curvature of the space, can not be consistently settled. If the EGR were a correct (classical) theory of gravity -even after incorporating the SMP in a Weyl-invariant way (see subsection VII B) -a space with curvature can be physically equivalent to a flat space with Weyl-integrable affinity, where the units of measure are point-dependent quantities.
It may be that the question raised by Riemann some 164 years ago about the possibility to measure the curvature of space by means of physical experimentation, may not have a definitive answer after all.
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